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1. INTRODUCTION 
In this paper, we shall study some phenomena of the solutions of the initial 
boundary value problems (for brevity, denoted IBVP) for semilinear heat 
equations with time lag. Preferring straightforwardness to generality, we 
restrict our consideration to three cases of simple equations of the following 
form: 
w> 4x9 4 = 4% t) -f(U@, t - y), 46 t)), (1.1) 
where Y is a fixed positive number andfrepresents one of the following functions: 
Case I. f(u, b) = u3. 
Case II. f(a, b) = a2b. 
Case III. f(u, b) = ub2. 
Let Q be a bounded domain in Iw3 with smooth boundary &? (For the sake 
of simplicity, we restrict ourselves to the case that Q is bounded.) 
We consider the IBVP for Eq. (1.1) with the initial condition 
and the boundary condition 
4% t) Ian = 0 for t > 0. (1.3) 
To solve this problem, we first prove the existence, uniqueness, and regularity 
of the solution, and then we study the behavior of the solution as Y tends to 
zero and as t tends to infinity. 
Recently, Travis and Webb [lo] considered a similar problem and proved 
existence, uniqueness, and stability theorems which generalize to the case 
of partial functional differential equations the results of Hale [3] in the case 
of ordinary functional differential equations. The nonlinear term considered 
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by them is assumed to be Lipschitz continuous in P(sZ), although the nonlinear 
terms above are only “locally” Lipschitz continuous in P(G). This is the 
main reason we consider these problems. On the other hand, Wang [I 1, 121 
considered a similar problem from the point of view of the optimal control 
theory; but his nonlinearity permits only Lipschitz continuous terms. 
As is well known, the sign in front of the nonlinear term plays an important 
role when there is no time lag. (See, for example [l, 2, 41.) But unfortunately, 
the method which we employ here cannot reveal the difference in the sign. 
We will, however, remark on this point for each case. 
2. PRELIMINARIES 
Let us introduce some function spaces. We will use classical notations and 
results concerning the Sobolev spaces: HS(Gi), where s is an integer, is the 
Sobolev space of real valued L2 functions on 52, such that all their derivatives 
up to order s belong to L2(f2), and the norm is denoted by /I . jls , H,“(G) is 
the closure of C,,m(fi) (the space of all infinitely differentiable functions on !J 
having compact support in Sz) in P(Q). C([u, b]; H) denotes the space of 
H-valued continuous functions on [a, b], where H is a Hilbert space. Analo- 
gously, Lp(u, b; H) (1 < p < co) denotes the space of H-valued Lj’ functions 
on (a, b). Finally, we define the function space H’,“(Q): 
H’*“(Q) = L2(0, T; H’(Q)) n HS(O, T; L2(Q)), 
where Q = Q x (0, T) and ZP(O, T; H) denotes the space of H-valued Hs 
functions on (0, T). 
Now, we enumerate some lemmas without proof. 
LEMMA 2.1. Let Q be a domain in W with smooth boundary, then we have 
H,l(Q) C L6(sZ) (2.1) 
and the inclusion map is continuous. 
For the proof, we refer to Sobolev [9] and Lions [5]. 
LEMMA 2.2. Let A be a positive self-adjoint operator on a Hilbert space H 
with the norm Ij . lIH. e-tA denotes the semigroup of class (C,) generated by A. 
Let (Y be a positive number. Then, there exists a constant C, such that the inequality 
II AmctAu IIH < G-” II u IIH 
holds for all u E H and t > 0. 
(2.2) 
It is easily verified by using the resolution of the identity attached to A. 
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Finally, we need the existence and uniqueness theorem for linear parabolic 
equations. Let 0 be bounded a domain in Rn with smooth boundary and & = 
a x (0, T), where T is a fixed positive number. 
LEMMA 2.3 [7, pp. 6, 401. For any f(x, t) EP(&) and any z+,(x) E H,,l(.@, 
there exists a unique function u(x, t) E H2J(&) satisfying 
(apt) u(x, t) - Au(x, t) = f (x, t) in &, 
u(x, t> lao = 0, (2.3) 
u(x, 0) = z+)(x). 
Remark 2.4. For the solution u of the above lemma, we have an estimate 
s,r Il(a+t>(*, t)l12 dt + loT II u(*, t)llf dt 
d C [II df + s,'Ilf(*, t>lI” dt], (2.4) 
where C is a constant independent of u, u,, , and f, and 11 . /I is the norm of L2(sZ). 
3. CASE I. (C(t) = Au(t) - u3(t - Y), WHERE . = d/dt) 
In this section and the following sequel, we denote by A, the realization 
of --d with Dirichlet boundary condition in L2(sZ); i.e., D(A) = H,1(Q) n 
H2(Q), Au = -Au for u E D(A). 
We shall study the IBVP (1 .l), (1.2), and (1.3) with f (a, b) = a3. We transform 
the problem in the following integral form: 
u(t) = e-%(O) - i* e-(t-s)9(s - r) ds, t > 0, 
u(t) = 5w -r < t < 0. (1) 
THEOREM 3.1. For any C$ E C([--r, 01; Hi), there exists a unique function 
u E C([--r, co]; HO1(Q)) satisfying (I). 
Proof. We consider the problem on [0, Y]. Since u(t - r) = +(t - r) on 
0 < t < Y, our problem is to see whether 
u(t) = e-tA$(0) - 1”’ e-(t-S)A$3(s - r) ds (3.1) 
belongs to C([O, I]; E&l(Q)) or not. As 4(O) E &l(Q), it is clear that e-tA$(O) 
belongs to C([O, r] ; H,,1(Q)) and so we have only to consider the second term 
of the right-hand side of (3.1). 
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As $(t) E C([-Y, 0] ; Hol(sZ)), using Lemma 2.1, we have 
as a function of (x, t), where Q,. = 9 x (0, Y). Therefore by Lemma 2.3, we 
have 
s 
t 
e-(t-W$3(s - Y) ds E H”J(QT). 
0 
On the other hand, by Theorem 3.1 of Lions-Magenes [6], we have 
H2.‘(QJ C C([O, ~1; ffol(fJ)). (3.2) 
So, we have that u(t) E C([O, r]; Ho1(9)). 
Repeating the above procedure in each interval [kr, (k + l)r], k = 1, 2,..., 
successively, we have the desired solution u(t). 
Remark 3.2. Noting that 11 A112u // is a norm equivalent to 11 u /Ii on Hoi(G), 
and taking Lemma 2.1 and Lemma 2.2 into account, we derive the inequality 
II 4th G II dK911 + cow i ot (t - s)-~‘~ I/ u(s - r)ll; ds} (3.3) 
for the solution u(t) of (I). 
THEOREM 3.3. Let I$ belovg to C([--r, 01; Ho1(s2)) such that J(O) E D(A), 
4 E q-r, 01; &yQ)) and +(O) = -A+(O) - $“(--r). Then, the solution u 
obtained in Theorem 3.1 belongs to C([O, co); Ho1(12) n H2(12)) and furthermore ic 
belongs to C([-r, co); Ho1(12)). 
Proof. In order to prove ti E C([-Y, cc); Hai( we consider the equation 
v(t) = e&$(O) - 3 lot e-(t-s%2(s - r) ZI(S - r) ds, t > 0, 
v(t) = d(t), 
(3.4) 
-r<t<o, 
and we shall show that z, exists in C([-r, cc); Hoi( and v = ti. 
It is sufficient to consider the problem (3.4) on [0, Y]. Then, we have 
v(t) = e-%$(O) - 3 Iot e-(t-s)Au2(s - r)$(s - r) ds. (3.5) 
Since u and 6 belong to C([--r, 0] ; H?(Q)), u2(s - Y) $(s - r) belongs to 
L2(Q,) by Lemma 2.1. Hence, by Lemma 2.3, there exists a unique v belonging 
to C([--r, r]; Hoi(G)) satisfying (3.5). By the same argument as before, we 
obtain the desired solution v of (3.4) belonging to C([--r, co); H,l(G)). 
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Define w by 
w(t) = +(o) + lot w(s) ds t > 0, 
= m -Y < t < 0. 
We shall show that w is equal to u. Since i(O) = --A+(O) - $3(-r), integration 
of both sides of (3.4) gives 
jot w(s) ds =e-%$(O) - 4(O) - J: e-sAq5S(-r) ds 
Thus we have 
- 3 jot lo’ e--(s-T)%2(T - Y) W(T - Y) d7 ds. 
w(t) = e-?)(O) - I’ e-4j3(--r) ds 
- 3 Iot lo5 e--(+r)“zS(T - Y) W(T - Y) dT ds. (3.6) 
Noting that w(-Y) = 4(-r) and 
(d/dt) lot e-(t-s%S(s - r) u!s = e-%03(-r) 
+3Jlt 
e-(t-s%2(s - r) w(s - r) ds, (3.7) 
we have t s t e-4J~(-r) ds = e-+s)A~3(~ - Y) ds 0 
-3 (s-T)AW2(T - r) e)(T - Y) dT ds. (3.8) 
Combining (3.6) and (3.8), we obtain 
w(t) = e-%$(O) - Jot e-+%w3(s - Y) ds 
- 3 Lt I’ e--(s-T)A{u2(T - Y) - w”(T - Y)) W(T - Y) dT ds. 
This implies that w = u. In fact 0 < t < I, w is a solution of (I) since 
u(s - r) = w(s - Y) = +(s - Y), hence by the uniqueness of the solution, 
w must be equal to u on [0, Y]. Proceeding as before, w must be equal to u 
on [0, co). 
505/24/3-f’ 
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Next, we prove that u E C([O, co); Hof(Q) n Hs(52)). In fact, for each t > 0, 
u(t) satisfies the equation 
-h(t) = 4(t) - uyt - r) in Q, 
u(t) Ian = 0. 
Since the right-hand side of this equation belongs to C([O, co); L2(Q)), 
u must be in C([O, co); H,,l(Q) n Hz(Q)) by the well-known a priori estimate 
for the elliptic boundary value problem (see [6, p. 2081). This completes the 
proof. 
In what follows, we study whether the solution of (I) tends to the solution 
of the equation 
as r tends to 0. 
u(t) = e-%(O) - lot e-(t-%3(s) ds (3.9) 
Let T be a fixed positive number and N an integer so large that T/N < r. 
Put rN = TIN. We denote by &,, the restriction of + on [-rN , 0] and by uN , 
the solution of the problem 
u(t) = e-t$5(0) - Iot e-(t-s)Au3(s - yN) ds, 
44 = 4N(G -YN < t < 0. 
Then, from Remark 3.2, we have 
t > 0, 
Sup /I UN(t)jll < 11 +(o)lll + COnst P2 o;=&‘y /I UN(t - YN)(I; . 
OSKT 
Adding ~up-~,~~~~ 11 +N(t)lll to both sides of this inequality, we obtain 
pr=$:sT 11 UN(t)lll < co + CT”2(-lys~sT 11 Udt)llx)3, 
(I>N 
(3.10) 
where Co = SU~~,~,~, jl q5(t)lll and C is a constant independent of uN , T, and Y. 
We refer here to the lemma used by Segal [8]. 
LEMMA 3.4. If w > 1, there exists a constant e(w) with the property: If c 
and d are given positive constants atisfying the inequaZity 
cw-ld < e(w), 
then there exist positive constants ki = ki(w, c, d) (i = 1, 2) k, < k, , such that 
;f k > 0 and k < c + dkw, then either k < kl or k > k, . 
From this lemma and the estimate (3.10), we have 
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LEMMA 3.5. Let CO satisfy 
COY?T1/2 < 4 . 3-3. (3.11) 
Then, there exists a constant kl independent of N, such that 
Proof. We put in Lemma 3.4 w = 3, c = C,, , and d = CT1j2. An easy 
calculation yields e(w) = 4 . 3-a. Thus Lemma 3.4 and (3.10) imply that 
II 4t)ll, < 4 or II ~,&)ll, 2 k, for each t E [-rN , Tl. 
Since 11 z+(t)]], is continuous in t and ~up-,~~~~rII &(t)ll \< k, from the 
definition of kl , every z+., must satisfy (3.12) by the lemma above. 
We are now ready to state the following. 
THEOREM 3.6. Let the initial function 4 satisfy (3.11). Then the sequence 
{uN) converges in L2(Q) to the solution of the problem (3.9) with the initial data 
40) = No* 
Proof. By Remark 2.4 and Lemma 2.1, we have 
11 u,v Il$vo) < C [II Wll; + i= II u,“(t - yrv)l12 dt]
< C [II 9(O)llf + C, lo’ II udt - rN)Iif dt] 
< C[C,” + C,k,‘T]. 
Thus, {uN} forms a bounded subset in HI(Q). Therefore, we can choose a 
subsequence (uNJ of {uN) which converges weakly to an element u E Hi(Q). 
Moreover, by Rellich’s theorem, we may assume that (uN,} converges strongly 
to u in L2(Q) and almost everywhere in Q. Then, since z& 9 + u3 (j + CO) 
almost everywhere in Q and 
I oT 1) u&(t)I12 dt < C s’ o II +v,(t>ll; dt < C’Tk,6, 
it follows that u;, converges to ua weakly in L2(Q) (see [5, p. 121). Put 
vi(t) = St e-+W&,(s - Ye,) ds. 
0 
Then, by Remark 2.4, we have 
II ~&)ll?f%?, G c s = 11 &(s - yN1)/12 ds < C’Tk,6. 0 
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Hence, we may assume that vj converges strongly to an element v in La(Q). 
On the other hand, we know that vi converges to 
s 
t 
$E e-(t-s)AU3(s) ds 
0 
at least, weakly in L2(Q), and we may conclude v = 6. 
The argument above shows that every subsequence of {u,,,j contains a sub- 
sequence which converges strongly in L2(Q) t o a solution of the problem (3.9) 
with initial date u(O) = d(O). But, since the solution of this problem is unique 
(by monotonicity), we may conclude that {uN} itself converges strongly in 
L2(Q) to the solution u of the problem (3.9). 
Finally, we shall study the behavior of the solution of (I) when t -+ co. 
Using the idea of Segal [8], we have 
PROPOSITION 3.7. Let u(t) be a solution of (I). Putting 
p(t) = sup (1 + s2)1’4 IIW, , 
-r<sst 
we have an inequality 
p(t) < cc0 + Cp(q3 for t > 0, (3.13) 
whet-e Co = su~-~~tf~ II W)llr and C is a constant independent of t and u. 
Proof. From (I), we have 
I/ A1/2u(t)jl < (I A1/2e-tA+(0)Ij 
+~otllA 1/2e-(t-s)At2(s - v)ll ds. 
Owing to Lemma 2.2, we have 
(3.14) 
II A1~2e-“AC(O>ll < t-1/2 II +(O)ll 
(note that the constant C, of Lemma 2.2 satisfies C, < 1 if (Y < e) and 
s 
t I/A 1/2e-(t-h4U3(s - r)ll ds 
0 
< const s 
ot (t - s)-~‘~ I/ u(s - T-)II: ds 
< const{ sup (1 + 1 s - Y ]2)3’4 IIu(s - Y)I(~} It (t - ~)-l’~ (1 + I s - r I”))“‘” ds. 
osast 0 
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Since (1 + t2)li4 s: (t - s)-lj2(1 + 1 s - T /2)-3/4 ds < const for any t > 0, it 
follows from (3.14) that 
Proceeding as before, we have 
THEOREM 3.8. Let C,, sutisjy 
COT3 < 4 . 3-3. (3.15) 
Then, there exists a constant k,’ independent of t such that 
(1 + ty jj u(t)lj, < k,’ for any t. 
l&murk 3.9. As we used only the triangle inequality to obtain the estimates, 
the sign in front of the nonlinear term does not affects our argument. But 
we hope that we will have the results of Theorems 3.6 and 3.8 without. the 
limitation to the initial function if the sign in front of the nonlinear term is 
convenient. 
4. CASE II. (u(t) = Au(t) - u2(t - Y) u(t)) 
In this section, we shall study the problem 
u(t) = e-““+(o) - lt e--(t--8%2(s - 7) u(s) ds, t > 0, 
u(t) = d(O~ -r<t<o. 
(11) 
First of all, we prove the existence and uniqueness theorem. 
THEOREM 4.1. For any 4 E C([-Y, 01; II&,~(Q)), there exists a unique function 
u E C([--r, co); Ho1(12)) which satisfies (II). 
Proof. As before, we consider the problem only on the interval [0, Y]. 
We proceed by iteration. Put u&t) = e-U+(O), and 
u,(t) = e-%$(O) + tt e-ft-s)A$Z(s - r) u,-~(s) ds, 
for n = 1, 2,... . (4.1) 
Then, by induction on n, we have that every u, belongs to C([O, Y]; E&l(Q)). 
Note that Lemma 2.1 is used here. 
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By Lemma 2.1 and Lemma 2.2, we have 
II %+1(t) - %(t)lll 
< const 
s ot (t - SF II +(s - r)lif II ~(4 - ~n-&)Il~ ds 
< C 
J 
; (t - s)- jl u,(s) - u,&)II1 ds, (4.2) 
where C is independent of u, , and depends on Co2 = (~up-~st~ II +(t)&)“. 
Calculating successively, we have 
II %a+&) - %P)lll 
< C” Iot (t - s,J-~‘~ ds,-, l0S”-1 (s,-~ - ~,-2)-l’~ ds,-, 
-.- 
s 
ot (sl - T)-~‘~ 11 ~~(7) - u,,(T)~I~ d7. 
Denoting the beta function by B(p, 4) = $ tp-‘(1 - Q-l dt, we have 
.i,t (t - ~,&l’~ ds,-, j-0”n-’ (s,el - s,-~)-~‘~ ds,-, *** s,’ (~1 -- .)-I’2 dT 
s-1 
= 2P’2 JJ B(Q, (2 + k)/2), 
k=l 
for n 2 2. 
Consequently, 
n-1 
I/ u,+1(t) - %&)lll < 2cnikw2 fl &I, (2 + W2), 
P=l 
where M = sup,GtGr I/ ul(t) - uo(t)lll . Putting a, = C”M nzz: B($ , (1 + k)/2), 
we have from Stirling’s formula 
%+1 - z cfj 
( 
&,++ =c W) rlln + w21 -0 
mu + 3)/21 
as n--too. 
a, 
Thus, xz=,, I/ un+l(t) - urn(t) converges uniformly on [0, r] and consequently 
{u,} converges in C([O, I]; Hal(Q)) to the solution u(t) of (II). This completes 
the proof. 
Corresponding to Theorem 3.3, we have 
THEOREM 4.2. Let 4 and its deriwztive 6 be in C([--r, 01; H,l(Q)). Assume 
that $&I) belongs to D(A) and satisjes +(O) = -A4(0) - +2(-~) (b(O). Then, 
the so&ion u(t) obtained abowe, belongs to C([O, 00); H,,1(sZ) n H2(Q)) and 
furthermore, i belongs to C([-Y, co); E&l(Q)). 
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Proof. As before, we can show that there exists a unique function w in 
C([-r, 00); &l(Q)) satisfying the equation 
w(t) = e-%$(O) - s,’ e--(t-s)Auz(s - r) w(s) ds 
-2jt e-(t-s)Au(s - T) u(s) w(s - r) ds, 
0 
44 = 44 for -r < t < 0. 
Define w by 
w(t) = 4(O) + jot 4s) ds, t > 0, 
= Twh -r < t < 0. 
(4.3) 
We shall show that w = U. Integrating both sides of the first equation in (4.3), 
we have 
w(t) = e-%$(O) - 1” e-SA+2(-r) q%(O) ds 
0 
- (s-r)A~2(~ - r) W(T) dr ds 
-2 t fJ‘ s 0 oe- (s-r%(~ - r) U(T) W(T - Y) d7 ds. 
Since 
(44 jot e- (t-s)Aw2(~ - r) w(s) ds 
= e-tAw2(-r) w(0) 
+ f,’ e- (t--s)A~2(~ - P-) w(s) ds + 2 1’ e-(t-s)Aw(s -L Y) w(s) z(s - r) ds, 
0 
we obtain 
w(t) = e-tAq5(0) - lt e-(t-s)Aw2(s - r) w(s) ds 
+ 6 lo’ e-(8-T)A{w2(, - r) - u2(, - Y)} W(T) dT ds 
+ 2 St f ’ C(S-T)A{W(T - Y) W(T) - U(T - r) U(T)> W(T - r) dT ds. 
0 0 
On the interval [0, r], we have 
w(t) - u(t) = Lt e-(t-s)A+2(s - r)@(s) - w(s)} ds 
+ 2 St ss e-(n-r)A(b(T - ~){w(T) - U(T)> &T - r) d-r ds. 
0 0 
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Hence, 
II w(t) - u(t)ll, G cow s t(t - o- II 4(s - ~,ll! II 4s) - W(S)lll ds 0 
+ const 2 
SI ot oB (S - T)-“’ 11 $(T - Y)iil Ii& - Y)lIl 11 W(T) - +>iil dT ds 
< c ot ((t - s)-1’2 + (t - s)l’2} 11 w(s) - u(s)& ds, s 
where C = CYsup-,~ta, II Wlf + =wr<tco II +(t>lll II &W, and C’ is a constant 
independent of T, r, u, and w. 
Choosing the number to > 0 such that 
we have 
C(2#” + gtp) < 1, 
SUP II 4) - WI1 d wG’2 + ltiY2> ,s& II w(t) - u(t)111 * 
o<t<t, 
This implies that w(t) = u(t) on [0, to]. Repeating this procedure on each 
interval [Kt, , (k + l)to], K = 0, l,..., we have that w(t) = u(t) on [O, Y]. So, we 
prove that w(t) = u(t) on [0, 00) and zi belongs to C([--r, co); H:(Q)). 
On the other hand, u(t) satisfies the following elliptic boundary value problem: 
flu(t) = ti(t) + u2(t - r) u(t) E C([O, 03): EyJa)), 
u(t) Iah, = 0. 
This means that u(t) E C([O, co): Hoi(Q) r\ H2(Q)). This completes the proof. 
Concerning the behavior of the solution of (II) as r tends to 0 or as t tends 
to co, we have the following theorems. The idea of the proofs is exactly the 
same as before. 
THEOREM 4.3. Let the initial function $ satisfy (3.11). Then the sequeme 
{uN) defined below, converges in L2(Q) to the solution (3.9) with the initial date 
u(0) = d(O). Here, uN is the solution of the problem (II)N as follows: 
UN(t) = e-“4$(O) - jot e+%N2(S - YN) UN(S) a3 
z+(t) = +(t), for -yN = -TIN < t ,( 0. 
(1% 
THEOREM 4.4. Let Co = sup-,Gtto II (b(t)& sat;sfr (3.15). Then there exists a 
constant k,’ independent of t such that 
(1 + t2)l14 1) u(t)& < 4’ for any t. 
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5. CASE III. (ri(t) = Au(t) - u(t - r) us(t)) 
Finally, we study the equation 
u(t) = e-““c+(O) - j” e-(t-%(s - Y) up(s) ds, for t > 0, 
0 
(III) 
40 = w>, for -r < t < 0. 
In this case, however, we do not know whether there exists or does not 
exist a solution of (III) globally in t for any initial function 4(t) E C([-Y, 01: 
H,I(Q)). For the time being, we only know that the solution exists globally 
if the initial function is sufficiently small (see the theorems below). Perhaps 
the theory of nonlinear semigroups will be useful to solve the existence problem 
completely. 
Now, we enumerate some theorems without proof. 
THEOREM 5.1. Let Co = ~up-,.(~<~ ll+(t)llI satisfy (3.15). Then, a solution 
of (III), ;f it exists, satisjes the estimate 
(1 + r2)1’4 II @)lI, d f%’ for qY t, 
where k,’ is a constant independent of t. 
Using the standard procedure of successive approximation and applying 
the a priori estimate above, we have 
THEOREM 5.2. Let Co satisfy (3.15). Then, there exists a zcnique solution u 
in C([-r, CO): HOI(Q)) satisfying Eq. (III). 
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